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Abstract 

Unique existence of analytically strong solutions to stochastic partial differential 
equations (SPDE) with drift given by the sub differential of a quasi-convex function 
and with general multiplicative noise is proven. The proof applies a genuinely new 
method of weighted Galerkin approximations based on the "distance" defined by the 
quasi-convex function. Spatial regularization of the initial condition analogous to the 
deterministic case is obtained. The results yield a unified framework which is applied to 
stochastic generalized porous media equations, stochastic generalized reaction diffusion 
equations and stochastic generalized degenerated p-Laplace equations. In particular, 
higher regularity for solutions of such SPDE is obtained. 
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Introduction 



We prove higher spatial regularity of solutions to SPDE and thereby obtain the unique ex- 
istence of strong (in the analytic sense) solutions. In general, the regularity of solutions to 
SPDE is worse than that of their deterministic counterparts. Therefore, instead of consid- 
ering (analytically) strong solutions, usually weaker notions of solutions, like mild (see e.g. 
[DPZ92, PZ07] and the references therein) or variational solutions (see e.g. [KR79, PR07] 
and the references therein) are used. In this paper, we show that for SPDE with drift 
given by the subgradient of a quasi-convex function and with sufficiently regular noise, i.e. 
equations of the form 

(0.0) dXt = -d^{Xt)dt + Bt{Xt)dWt, 

where (/j : if — )■ M is a quasi-convex function on a Hilbert space H, it is in fact possible to 
prove more regularity for the solutions and thereby to obtain (analytically) strong solutions. 

The method we develop and employ to prove the regularity of solutions seems to be new even 
in the deterministic case. As a special case our results fully contain the analogous results for 
the deterministic case, in which it is well known that flows generated by gradient type PDE 
have regularizing properties similar to analytic semigroups (cf. e.g. [Bar93]). In this sense 
the regularity properties obtained here are optimal. 

We point out that our results yield a unified framework for semilinear equations like stochas- 
tic reaction diffusion equations (SRDE) as well as for quasilinear equations like stochastic 
porous media equations (SPME). In contrast to our framework, truly quasilinear equations 
like SPME cannot be treated in the mild approach, while SRDE with high order growth of 
the nonlinearity do not fit into the variational framework. 

In the case that both the method established here and the variational approach as presented 
in [RRW07] apply, our results show that variational solutions are in fact strong solutions. 

Applications of our results to stochastic generalized porous media equations, stochastic gen- 
eralized reaction diffusion equations and stochastic generalized p-Laplace equations are given 
in detail in Section 4, also including the case of a not necessarily bounded underlying domain 
O C M'^, and covering different types of boundary conditions. 

We now comment on existing regularity results for SPDE and compare to the results estab- 
lished in this paper. Concerning the regularity of solutions to linear SPDE a lot of work has 
been done (cf. e.g. [FlaQO, Fla95, Roz90, RS81, Kry94, DPZ92, BvN03, BvNVWOS]), but 
much less is known for the nonlinear case. Applied to linear SPDE, as e.g. 

dXt = {AXt + f{t))dt + BtdWt 

our results recover regularity properties obtained in [Fla90, Theorem 3.1] under the same 
conditions as used in our paper, i.e. Xq G Hq{0) and Bt{ek) G L^([0,T] x fi; Hl{0)). Note 
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that these conditions are necessary at least for more regular solutions ([Fla90, Proposition 
3.3]). 

In [JRIO] semilinear equations with non-linear diffusion and Lipschitz nonlinear drift of the 
form 

dXt = {AXt + F{Xt))dt + BtiXt)dWt 

are considered and under appropriate assumptions on the generator A and the diffusion 
part B it is shown that for initial values Xq e VlA"^) the solution X also takes values in 
V{A^), requiring 7 G [0, |]. By use of the L^-theory for SPDE in [Zha07] higher regularity 
for solutions to semilinear SPDE with nonlinear diffusion and regularization with respect 
to the initial value by any order less than | of A is obtained. Assuming that the drift 
A + F is a. sub differential of a quasi-convex function and under appropriate assumptions on 
the diffusion B (in particular trace class noise) these results are partially extended here by 
proving regularization of the initial condition by one order of A (i.e. X G 'C(A) C H a.s.). 
Note that in the linear case A = —dip implies that A is an analytic operator. 
The only reference known to the author concerning the regularity of solutions to general 
quasilinear SPDE is [LiulO]. For nonlinear SPDE fitting into the variational framework 
invariance of certain subspaces S of the state space H is shown. Roughly speaking, this 
means that if the initial condition Xo takes values in the subspace S then so does the 
solution X. The proof is based on a Yosida approximation of the norm || ■ which in the 
special case of stochastic porous media equations (SPME) 

dXt = A{\Xtr'Xt)dt + BtiXt)dWt, p > 2 

had been used in [RW08] to solve the SPME on satisfying \X\^X e L^{[0,T] x H^). 
For the SPME with additive noise the same had been obtained in [Kim06]. Concerning the 
SPME with additive noise the strongest regularity result so far is given in [BGLRll, Lemma 

P+i 1,£+1 

3.3] proving I X G L p {[0,T];Hq ^ ). Our results are applicable to general quasilinear 
SPDE perturbed by general multiplicative noise and yield the unique existence of strong 
solutions, in particular A{X) G L^([0,T] x Q;H), H = (Hq)*) and spatial regularization of 
the initial condition in the sense that for Xq G L^(f2; H) we obtain a solution X satisfying 
t2A{Xt) G L2([0,T] X n;H). In the special case of the SPME the regularity results in 
[LiulO, RW08, Kim06, BGLRll] mentioned above are thus strengthened to 

t"^\Xt\P~'XteL\[0,T]xQ-H',{O)), 

under appropriate assumptions on the noise. For more details on existing regularity results 
for solutions to concrete SPDE and comparison to the results obtained here we refer to 
Section 4 below. 

We now give a brief outline of the main idea of the proof. The regularity analysis of solutions 
to deterministic PDF of gradient type (cf. e.g. [Bar93], also for notation) is based on a chain 
rule for absolutely continuous functions u G W^''^{[0,T]] H) composed with a convex, lower 
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semicontinuous (l.s.c.) function if : H ^ with u{t) G V{d(f) for almost every t G [0,T], 
stating that (f o u is absolutely continuous and 

(0.1) 

were g{t) G dip{u{t)) almost surely. The main difficulty in the stochastic case thus stems 
from the lack of a sufficiently general Ito formula justifying (0.1) in an integral sense for 
SPDE. The deterministic chain rule mentioned above is easily proven by a Moreau-Yosida 
approximation ipx of the convex function if and by applying the classical chain rule. In the 
stochastic case, however, this method fails due to the occurrence of the second derivative 
D'^ifx of the Moreau-Yosida approximation of if in Ito's formula. To proceed further, uniform 
bounds on D'^ipx would have to be shown, which seems to be difficult. 
Therefore, we establish an alternative method of approximation which is not based on a 
regularization of so that only bounds on D'^ip (not on its approximation D'^Lpx) are needed. 
For an orthonormal basis of H the usual Galerkin approach is to project the equation from 
H to a. finite dimensional equation on ■= span {ei,...,e„} by applying the orthogonal 
projection Pn : H Hn- The key point of this approximation is that the orthogonal 
projection P„ preserves the monotonicity of dip on H . However, this projection is only based 
on the geometry of H and does not fully reflect the geometry of the equation which is induced 
by the convex function ip. For example, in general P„ is not bounded with respect to v?, 
i.e. ip{Pnh) ^ Cip{h), E H and the projection does not converge to the identity with 
respect to i.e. (p{Pnh — h) -f^ 0, for n — )■ oo. Therefore, for the approximation of the initial 
condition and the noise we instead apply the best approximation "P^ „ : H weighted 
by v?, i.e. 

f{'P^.nh-h)= inf if{g-h). 
g&Hn 

The point is that this approximation respects ip in the sense that 

^{V^,nh) < Cip{h), yheH 
and the convergence V^^nh — > h holds with respect to ip, i.e. 

^{V^,nh) ^ <^(/i), V/i G H. 

In Section 1 we will establish the framework and state the main results. If the initial condition 
is contained in the domain of the quasi-convex function y?. Theorem 1.4 asserts the existence 
of a unique strong solution to (0.0) and provides a-priori bounds for this solution. The 
proof is given in Section 2. If the initial condition is not contained in the domain of ip 
but only Xq G L'^{Q, J^q] H) we ffist prove the unique existence of solutions in a limiting 
sense (Theorem 1.6) and then identify these limit solutions as strong solutions to (0.0) in 
some generalized sense (Theorem 1.8). In particular, regularization of the initial condition 
is shown. The proofs are given in Section 3. The application of our results to SPME, SRDE 
and stochastic p-Laplace equations is given in Section 4. 
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1 Setup and Main Results 



Let if be a separable Hilbert space, V he a reflexive Banach space and S* be a Banacli space 
(note that not necessarily S H, nor S reflexive). Assume that there are dense embeddings 
V ^ S,H and a constant C > such that || ■ \\v < C(|| ■ + || ■ \\h)- In the applications 
(cf. Section 4) we always have V ="5* fl H" in some appropriate sense. By reflexivity of V 
this yields the Gelfand triple V ^ H ^ V* . In particular, V is separable and we can choose 
{ck G y I A; G N} to be an orthonormal basis of H such that Vq = spanjei, ■ ■ ■ } is dense in V. 
Define if„ := span{ei, ■ ■ ■ , e„}. Let U be another separable Hilbert space, J-", J^t, P) be a 
complete probability space with normal filtration J^t, Wt be a cylindrical Brownian motion 
on U and i? : [0, T] x f2 x if — L2{U, H) be progressively measurable. 

We now introduce the main assumptions under which we will prove the unique existence of 
strong solutions to SPDE of the form (0.0). Although some of the conditions might look 
unfamiliar at the first sight, all of them are easy to prove in the applications (Section 4). 

(Al) Let (y9 : — )■ M be a continuous function. Assume that there exists a convex, continuous, 
subhomogeneous (i.e. 3 C > such that ip{2x) < C(p{x) for all x E S) function 
(f : S ^ M+ with bounded level-sets such that (p{vn) — )■ implies w„ — )■ in S* and 
that there are constants Ci > 0, C2 G M so that 

CMv) -C2< ifiv) < C2mv) + ^\\v\\j, + 1), 

for all V E V. 

Via the embeddings V S, H we may define ^p\{v) := Lp{v) + ^\\v\\ff and (fx{v) := (fi{v) + 
^\\v\\jj, hi V eV, \e M. 

(A2) Assume that ip is Gateaux differentiable on V with A := —Dip : V ^ V* being 
hemicontinuous and that ip G C'^{Hn) for all n G N, such that there are constants 
^ = Po ^ P2 ^ ■■■ ^ Pn, N E N foT which 

00 / N / 00 \P ' 

J2 D^v{x){wk, Wk)<C I1 + ^{x) + Y,[Y1 Viiwk)^ 

k=l \ i=0 \k=l / 

for each sequence Wk G Hn, all x G Hn and some constant C G M (independent of n). 
We can consider ip, ip, ipx, ip\ as functions on H by extending them by +00 from V to H . 

(A3) Assume that (^9 : — j- M is quasi-convex (i.e. 3A > such that ip\ is convex). 

The notion of the subgradient is extended to quasi-convex functions in the obvious way. In 
particular, we have dip = d(f\ — \x. We extend dip> : V{dip) C \/ — )■ by to all of H. Note 
that T>{d(p>) = {v G V\ Dip{v) G H} and d^p = DLp\x)[dip) (in particular d(p{v) is single-valued 
for all V G V{dip)). Boundedness of level-sets of : ^ — )■ M, reflexivity of V and weak l.s.c. 
of (px imply 
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Remark 1.1. Assume (Al), (A3). Then if,(f : H -^W are lower semicontinuous. 

(A4) (Weak coercivity): There exists a C G M such that 

2v*{-D^{v),v)v<C{l + \\vfH), 

for all V & V . 

(A5) (Lipschitz noise): There is a constant c > such that 

\\BM-Bt{w)\\l^^^^H^<c\\v-w\\]j, 

for all v,w & V . 

(A6) (Regularity of the noise): There is an orthonormal basis of f/, such that 

i=0 \k=l / 

where pi are as in (A2), C > is a constant and ft G L-'^([0,T] x Q) is an J-^-adapted 
process. 

As mentioned above all these conditions are easily verified in the applications and pose a 
unified framework for quasilinear equations like porous media equations and reaction diffu- 
sion equations with high order reaction terms. Note that we neither require strict coercivity 
of if, nor polynomially bounded growth of ip. Since 

v*{-D^{v), v)v = - v*{D^x{v) - D^x{^), v-Q)v- v*{D^x{^),v)v + X\\v\\l 
< - v*{D^x{^),v)v + X\\v\\l 

we have 

Remark 1.2 (Weak coercivity). Assume (A3) and G V{dip). Then (A4) is satisfied. 

In the following we will consider SPDE of the form 

(1.2) dXt = -dip{Xt)dt + Bt{Xt)dWt, on [0,T]. 
Let us first state what we mean by a strong solution. 

Definition 1.3 (Strong solution). Let Xq G L'^{Q, Tq; H) . An Tf-adapted, continuous pro- 
cess X inH withX G ^^(fi; C([0, T]; if )) anddip{X) G L'^{[0,T]xn; H) is a strong solution 
to (1.2) zf¥-a.s. 

(1.3) Xt = Xo- [ dip{Xr)dr+ [ Br{Xr)dWr, VtG[0,T], 

Jo Jo 

as an equation in H . 
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Theorem 1.4. Assume (Al)-(A6). Then for each initial condition Xq G L'^{Q,J^o;H) 
satisfying E (</?(Xo) + ||Xo|||^) < oo there is a unique strong solution X to (1.2) with 

^iX) + \\X\\leL°^i[0,T];L\n)). 

Let Xq'^ G L^{Q, J^o] H) and let X'-*-' be corresponding strong solutions to (1.2), i = 1,2. 
Then 

(1.4) E sup Wxi'^-Xi'^Wl < CE||X« -Xf 11^. 

t6[0,T] 

So far we have obtained strong solutions for initial conditions taking values in V ^ H. 
By monotonicity it is possible to obtain solutions to (1.2) for arbitrary initial conditions 
Xq G L'^{Q,J^q; H) at least in a limit sense. 

Definition 1.5. Let Xq G L'^{Q, J^q; H) . We call an H-valued, J^t-adapted, continuous 
process X G L"^ [Q; C {[0 , T]; H)) a limit solution to (1.2) if X{0) = Xq and if there exists 
an approximating sequence X" G L^(fi; C([0,T]; H)) of strong solutions to (1.2) (with initial 
conditions X^ = X"(0) ) such that X" ^ X zn ^^(fi; C([0, T];H)). 

Theorem 1.6. Let (Al)-(A6) hold and Xq G L'^{Q, J^q; H) . Then there exists a unique limit 
solution X G L^(f2; C([0,T]; H)) to (1.2). For two limiting solutions X^^^ with corresponding 
initial conditions Xq^ G L'^{Q, J^q; H) , i = 1,2, 

(1.5) E sup lixi^) -Xf)||^ < CE||X(^) -Xf III, 

t6[0,T] 

for some constant C > 0. 



Note that we did not yet identify limit solutions in terms of some generalized notion of 
solution to (1.2). Moreover, uniqueness of limit solutions is only proven with respect to the 
specific choice of approximation via strong solutions. Other approximation methods could 
yield solutions in a limit sense which might be different from those obtained in Theorem 1.6. 
We thus aim to introduce a generalized notion of a strong solution to (1.2) and to prove that 
the limit solutions are in fact solutions to (1.2) in this generalized sense. 

For comparison and to fix ideas let us recall the regularizing properties of deterministic 
gradient flows. Let (p : H ^ he a. convex, l.s.c. function. For deterministic gradient 
flows in Hilbert spaces it is well known (cf. e.g. [Bar93, Theorem 1.10.]) that even for 
initial conditions yo G V^ip) (and / G L^{[0,T]; H)) there exists a unique mild solution 
yeCi[0,T];H) to 

^ + dp{y) = f{t), in (0,T) 

z/(0) = yo, 
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such that for each < 6 <T,y e W^'\[5,T]; H), t^^ G L'^{[0,T]; H), ^{y) G L^i[0,T]), 
y{t) E V{dip) for a.e. t E (0,T) and 

(1.6) ^^t) + d^{y{t)) = f{t), a.e. t E {0,T). 

bmce not necessarily J E L\[0,T];H) we cannot pass to the integrated form of (1.6) over 
all of [0,T] and thus we cannot expect an analytically strong solution in the stochastic case. 
However, since ^ E L^{[6,T]; H) for each 5 > 0, we can expect the limit solution to be a 
strong solution on each interval [S,T]. Using this property as a definition of a generalized 
strong solution, we may identify limit solutions as solutions to the SPDE (1.2) and thereby 
prove uniqueness of limit solutions independent of the approximation. Moreover, we prove 
that limit solutions enjoy regularizing properties analogous to the deterministic case. 

Definition 1.7. Let Xq E L^(r2, J-q; H). An H-valued, J^t- adapted, continuous process X E 
L2(n;C([0,T];i7)) IS said to he a strong solution to (1.2) on (0,T] z/X(0) = Xq, dip{X) E 
L2([5,T] X n;H) andF-a.s. 

(1.7) Xt = Xs- f d^{Xr)dr+ [ 5,(X,)diy„ 

Js J 5 

for all t E [6, T] and all0<6 <T. 

In order to prove regularity for the limit solution we need to require the following stronger 
coercivity property: 

(A4') There exist constants Ci > 0, C2 G M such that 

2 v'{-Dip{v), v)v < C2(l + 11^^11?^) - Civ9(t;), 

for all V eV . 

Theorem 1.8. Assume (Al)-(A6), (A4'). LetXo E L'^{n,To;H) andX E L'^{n;C{[0,T]; H)) 
be the corresponding limit solution. Then 

^{X) + \\X\\lEL\[0,T]xn), 

t^dip{Xt) E L'^{[0,T] X n;H) 

and X is the unique strong solution to (1.2) on (0,T]. 

If the derivative A = —Dip : V ^ V* satisfies additional coercivity and growth conditions 
(cf. (K), (H1)-(H4) in [RRW07]) the variational approach to SPDE can be used to prove the 
unique existence of variational solutions to (1.2). In this case limit solutions and variational 
solutions coincide and consequently Theorem 1.8 provides a regularity result for variational 
solutions. 

Remark 1.9. Assume (K), (H1)-(H4) from [RRW07] and let X^), X^"^ he limit (resp. 
variational) solutions to (1.2). Then X^'^ = X^'"'> up to indistinguishability. 
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2 Proof of Theorem 1.4 



Note that (Al) implies that ip is bounded from below. Therefore, without loss of generality 
we can assume 93 > in all proofs. In the following C denotes a constant which may change 
from line to line. We first consider the case of additive, time-dependent noise. 



2.1 Additive noise 

Lemma 2.1 (Additive noise). Assume (Al)-(A6), Xq G L'^{^1, J^q; H) with Eipi{Xq) < 00 
and that Bt{v) = Bt is independent of v G V. Then there is a unique strong solution X to 

(2.8) dXt = -dip{Xt)dt + BtdWt, on [0, T] 
satisfying 

(2.9) sup E{^{X,) + \\Xt\\l)+E r \\d^{Xr)\\ldr 
te[o,T] Jo 

< C (^E^i(Xo) + 1 + \\Br\\L,,,^M)dr^ ^ 

for some C > 0. Let X^'^ G L^{n,To;H) with E(pi{X^'^) < 00, 5« : [0,T] x ^ L2{U,H) 
he two progressively measurable processes satisfying (A5), (A6) and X^^^ be the corresponding 
strong solutions to (2.8). Then 



(2.10) E sup -Xf^ll^ < 

te[o,T] 



In order to prove the existence of solutions to (2.8) we consider finite dimensional approx- 
imations. Let Hn := spanjei, . . . , e„} V C S, H and let Pn : V* ^ Hn be defined by 
Pnh := El 

=1 Cfc v*{h,ek)v- For A > 0, </?a is a continuous, subhomogeneous function with 
bounded level-sets and ip\{vn) implies w„ — )■ in V. Moreover, (^1 is strictly convex and 

(2.11) C^^{v) -C2< fiv) < C.2{'fi{v) + 1), 

for all V E V. Since if„ is convex and locally compact, the (^i-best approximation map 
'P(p,n '■ V Hn is well-defined by 

- V^^nv) = inf (^i(t; - h) 
heHn 

and is continuous (cf. [GS82, Theorem 5, 6, 8]). Since is subhomogeneous and G Hn, 
there is a constant C > (independent of n) such that 

(2.12) MK,nv) < Cifiiiv). 
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Denote Xq := Vip^n^o, let {e^l /c G N} be an orthonormal basis of U as in (A6) and consider 
the approximating equation 



(2.13) X^ = V^,nXo- / P„/^<^(X;)dr + V / V^,nBr{ek)d(3^ . 

Jo Jo 

By a standard existence result for finite dimensional monotone SDE there is a unique contin- 
uous strong solution to (2.13) (cf. [PR07, Theorem 3.1.1.]). We now derive a-priori estimates 
for (2.13). 

Lemma 2.2. Assume (Al)-(A6), Xq G L'^{Q,J^q;H) satisfying lK(fi{XQ) < oo and that 
Bt{v) = Bt is independent of v G V . Then there exists a constant C G M such that 

(2.14) sup E (y,(Xr) + llXni^) + E r \\P^D^{X:)\\ldT 
tefo,Ti Jo 



< C (^E^i(Xo) + 1 + \\Br\\L,,,^,(,P^)dr^ ■ 



Proof. Since ip G C'^{Hn), we can apply Ito's formula for the finite dimensional approxima- 
tion. We get 

n „j n n „f 



II, «J IL ft «f 

(XD = ^(Xo") - J2 / (PnD^m, e.)ldr + E E / ^^(^")(eO(^..,ni?.(efc), eO^rf/?.' 

i=l i=l k=l "^0 

2^ / ^V(^r)(^v^,n5r(efc),P^,n5,(efc))cir, 

fc=l 



" rt 

2 

Using (A2) and (2.12) we observe: 

n rt 

2 



^E / ^V(^;)(^^,n5r(efc),P^,„5,(efc))dr 
= C r(l + y.(Xr) + ||S,|U,,-^,(,,))rfr. 

^0 

By using a standard localization argument, (A6) and (2.12) we thus obtain 

Ee-^VW) +E f e-'^niPuD^iX^^mdr < Eip{X^) + CE T e"^'' (l + 
7o Jo 

< C (^E^i(Xo) + 1 + \\BrW,^,ip^)dr^ ■ 
The remaining bound for ||X"|||^ follows by applying Ito's formula to || ■ |||^. □ 
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Proof of Lemma 2.1. 

By Lemma 2.2 we know that X" and PnDip{X^) are uniformly bounded in i^^([0, T] x Vt] H). 
By reflexivity of i^^([0, T] x f2; if) we can thus find a subsequence (again denoted by n), such 
that 

i. X" ^ X in L2([0,T] x fi;i7). 

ii. PnD<^{X;^) ^ r/ in L2([0,T] x fi; i7) and hence 

[ PnDip{X!;)dr ^ I rirdr, in L'^{[0,T] x Vl; H). 
Jo Jo 

Since Vq V is dense, (^i : V — )■ M is continuous, subhomogeneous and (pi{vn) imphes 
^ in V, we have 



Remark 2.3. V^^n{v) "^°°> w, /or all v eV . 

Using (2.12) and dominated convergence imphes V^^^nBt — )■ in L^([0,T] x Q]L2{U,H)) 
and Xq" = P^,„Xo ^ Xq in ^^(fi; fT). Hence 



k=l 



Let $ e L2([0,T] xVL-H). Then 
e/ (X„$.)/^c?s= hmE / (X;,$,)^,rfs 

= hmE / fXo"- / P„D^(X,")rfr + V / P^,„S,(efc)o?/3^ rfs 
Jo ^ Jo fr^Jo 

= E ^ ~ / ^'■^^ ^ / S^t^iyr, ^ds. 

Let now 

(2.15) Xt:=Xo- [ r]rdr+ [ BrdWr. 

Jo Jo 

Then X = X dt®P-a.s. and Xf is an J-'^-adapted, continuous process in H. 

It remains to identify the hmit rj, i.e. we need to prove rj = dip{X) or equivalently rj — XX = 
dipx{X), almost surely. Let t G (0, T] and A > such that (fx is convex. We define a mapping 
^x,t ■■ L'^i[0,t] X n;H) ^ t by 

$,,(Z) ■= |e/o e"''VA(^.)cir , iicfxiZ) e L\[0,t] x fi) 
-oo , otherwise. 
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Since if\ is convex, l.s.c. and non-negative, $A,t is a convex, l.s.c. function. We will show 
e-2^ (r/. - AX) e 9$a,t(^). We know: 

for a\\veV,re [0, T], u e Q. For Z G 'D{^x,t) this implies 

(2.16) $A,*(X") = $A,t(^) +E f e-'^'{PnD^x{X:),X!;)Hdr 

Jo 



By Ito's formula applied to || ■ |||/^ we get 
(2.17) Ee~2^*||Xi"||^ 

= E||Xo"||^ + E fe-''^ {2i-Pr,DMK),X:!)H + \\V^,nBr\\l^u,H)) dr. 
Jo 

Using this in (2.16), multiplying with a non- negative function G L°°{[0, T]) and integrating 
yields 



Jo 



'0 Jo 
(2.18) 



- [ *iE /" y.(Z^(/.A(X,'^),^r)yc?rrft. 

We have seen above that E||Xo"||2^ ^ E||Xo||^ and P^,„5^ Br in L2([0, T] x Q; L2{U, H)). 
Since X^ ^ X in L^([0,T] x f2; if) and $A,t is weakly l.s.c, by (2.18) and dominated 
convergence we obtain 

/ ^t^xAX)dt< [ ^t<^x,tiZ)dt 
Jo Jo 

(2.19) +^^'^**(E||Xo||l, + E^^-2^n|5r|lL(^,H)rfr--Ee-2^*||X||^^di 

-limsup / ^tE [ e-^^'' y.{Dipx{Xr),Zr)vdrdt. 

Application of Ito's formula to (2.15) and the function || • |||^ yields 

(2.20) Ee"2^iX||| = E||Xo||^ + E / e"^^'- (2( - (77, + AX,), X,)^ + dr. 

^0 
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Equation (2.19) becomes 

7^ i 

(2.21) [ <ilt^xAX)dt< [ <ilt^xAZ)dt+ [ <ilt^ [ e-^^%nr + \Xr,Xr)Hdrdt 
Jo Jo Jo Jo 



limsup /" / e^^^'' v'{D^x{X:;),Zr)vdrdt. 

n— >oo Jq 



Define := By (Al), ip^Z^) < C(l + <^i(Z)) < C(l + ipx{Z)) G Li([0,T] x O). 

Hence, Z"^ e I^($a,t) and (2.21) can be applied. Recall PnD^{X'') ^ r/ in L2([0,T] x H) 
and hence also in L\[Q,t] x i/). (2.21) applied to Z = yields 

7^ 7^ i 

I ^t^xAX)dt< f ^t^xAZndt+ [ [ e-''^''{rir + XXr,X.r~Z:-)Hdrdt. 

Jo Jo Jo Jo 

Since \1/ G L°°([0,T]) was arbitrary nonnegative, consequently, 

(2.22) $;,,r(^)<$A,T(^'")+E / e-2^'^(r/, + AX,,X,-Zr)//rfr. 

Jo 

We now want to consider the limit m — )■ oo. By Remark 2.3 and dominated convergence 
we have ifiZ"^) (p{Z) in L^{[0,T] x n) and Z'" -> Z in L^{[0,T] x n;H). Thus, also 
$a,t(^'") ^\,t{Z). Passing to the limit in (2.22) we arrive at 

(2.23) $A,T(X)<$A,r(Z)+E / e^^^^rir + XXr, Xr - Zr)Hdr, 

Jo 

i.e. e-2^ (r/. + XX.) e d^x,T{X). The proof of 

d^x,T{X) = {e^'^^ Y\Y G L2([0,T] x fi; i7) and ^((a;) G a^A(Xt(a;)), dt ® P-a.s.} 

is similar to [Bar93, Proposition 2.9., p. 75]. Therefore, r]{t,u) + XXt{uj) G d(px{Xt{uj)) and 
since 9(/?(X((a;)) is single-valued we conclude r]{t,uj) = dip{Xt{uj)), dt ® P-almost surely. 
Thus 

Xt=Xo- ! d^{Xr)dr + f BrdWr, Wt G [0,r], 
Jo Jo 

P-almost surely. 

Next we will prove (2.9). Since PnD^{X';) dip{X) in L'^{[0,T] x n;H): 

(2.24) e/ ||9(/?(X,)||^rfr < liminfE / \\PnD^{X'^)\\]jdr 

Jo Jo 

< C (e(^i(Xo) + 1 + l|i?r|U,,,,,fe)^r^ . 
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where C G M is the constant occurring in (2.14). For Z G L^([0,T] x Q; H) and p > 1 let 
$A,p(^) := \^V\{Zt)\^dt. ^x,p is a convex, l.s.c. function, as (fx is. By Lemma 2.2 we 
obtain 

||Ev.,(X)|Up([o,t]) = $A,p(^)^ < liminf $A,p(X")^ < t'^ sup E^xiX^) 

n^oo t£[0,T] 

< C (^Ev9i(Xo) + 1 + \\Br\\L,^^^XP.)d^^ > 

for some C G M. Since the right hand side is independent of p, X is continuous in H and 
E(Pa(-) : -^^^(f^; -ff) M is l.s.c, this implies 

sup (E^(Xi) + llXill^) < C fEv9i(Xo) + 1 + E [ - ,(p,)C?r) , 

tG[0,T] V / 

for some C G M. Together with (2.24) this yields (2.9). 

Next, we prove that X G L^(f2; C([0, T]; if)). Using Ito's formula for X" and || ■ ||^, applying 
Burkholder's inequality to the real-valued local martingale ^^=1 /J 2(X", „i?r(efc))//(i/3^ 
and using Lemma 2.2, we conclude 

Je sup llXnil, < E\\X^\\l + E / C(/, + ||X;||2,)rfr < C(E(^i(Xo) + 1). 

2 t£[0,T] Jo 

Since X" ^ X in L2([0,T] x n;H), this implies X'^ ^ X in L^{n; ]J'{[0,T]; H)) with 
ll-^l|L2(n;LP([o,r];H)) < C'(E(^i(Xo) + 1), for every p > 2. By continuity of X in if this yields 

\\X\\L'2{n;C{[0,T];H)) < C'(E(^l(Xo) + 1). 

Inequality (2.10) is shown by first applying Ito's formula to X^^^ — X^"^^ and || ■ |||^, then 
using Burkholder's inequality for the real- valued local martingale J^lXr^^ — Xr'^\{Br^'^ — 

B?'^)dWr)H- □ 



2.2 General noise 

By using a fixed point argument we will now generalize the above result to the case of not 
necessarily additive noise. 

LetXo G L\n,To;H) withE(^i(Xo) < oo,H:= {X e L°^([0, T]; L2(fi; ii))| X predictable}, 
A > such that (px is convex, g ■= {X e Ul^xiX) G L^{[Q,T] x Vt)} and Gr ■= {X G 
■H\<I>x,t{^) ■= E e-^'^ifxiXr^dr < r}, where r G M. Moreover, let 5 : [0, T] x x V 
L2{U,H) as in Theorem 1.4. $A,r : l/^([0,r] x il; H) M is l.s.c, since (/^a is l.s.c. and 
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nonnegative. Thus, also $A,r : -^°°([0,T]; H)) — )• M is l.s.c. and thereby Qr is a closed 
subset of n. For Y eg we have 115^(^^)1^, < + ^{Yt) + \\Yt\\l) G ^^([0, T] x fi). 
Hence, we can apply Lemma 2.1 to obtain a unique strong solution X = F{Y) to (2.8) with 
Bt = Bt{Yt), where F : Q Q denotes the solution mapping. For Y G Qr, by Lemma 2.1 

<!>x,t{F{Y)) = E [ e-^'^x{Xr)dr < T sup Ee~^''^x{Xr)dr 

Jo re[0,T] 

< TC (^E(^i(Xo) + 1 + CE^ e-^^frdr + CE^ e~^'"ipxiYr)dr^ 

< TC (E^i(Xo) + l + r). 
For r > 1 + E<^i(Xo) we obtain 

<^xAHy)) < {'2CT)t. 

Hence, F : ^ li T < ^. Next, we prove that F : — > is a contraction for T small 
enough. Let Y^^\ F^^^ G By Lemma 2.1 and (A5), we have 

||F(F«)-F(F(2))||2^<E sup \\F{Y^%-F{Y^^\\\l 

^0 

for some constant C G M. By Banach's fixed point Theorem there exists a unique X & g^ 
such that F{X) = X, i.e. X is a strong solution of (1.2). Since the choice of T is independent 
of E(^i(Xo), a standard continuation argument yields the existence of a strong solution to 
(1.2) for all times. Inequality (1.4) immediately follows from Lemma 2.1. This finishes the 
proof of Theorem 1.4. 



3 Limit solutions 

3.1 Proof of Theorem 1.6 

Let Xq G L'^{Q, Tq] H) and define := {h G H\ifi{h) < n}. Since (fi is convex and l.s.c, 
Gn is a convex, closed set in H. Therefore, the || ■ ||j|^^-best-approximation map Pn '■ H ^ Gn 
is well defined by 

\\h — Pnh\\H = inf ll/?, — (^IIh 
geG„ 
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and is continuous (cf. [Vla73], [Kle61, Proposition 2.4]). Set := P„Xo. Hence, E(^i(XJ) < 
n and there exists a unique strong solution X" to (1.2) with initial condition Xq. More- 
over, ||Xo < 2||Xo||_H- and Xq{(jj) — > Xo(a;), for each cu e fi, since the embedding 
UneN^n = C if is dense. Thus, X^^ -» Xq in L^(fi; H). By Theorem 1.4 we conclude 

E sup llXj" - Xnin < C^E||Xo" - Xo™||^ 0, 

te[o,r] 

for n,m — )■ oo, i.e. X" is a Cauchy sequence in L^(f2; C([0, T]; if)) and we obtain a limit 
solution X" ^ X G i:2(fi; C([0,T]; ii)). Inequality (1.5) obviously follows from (1.4). 

3.2 Regularity of limit solutions (proof of Theorem 1.8) 

For two strong solutions X*^*\ i = 1,2 to (1.2) on (0,T] with the same initial condition, we 
can apply Ito's formula to ||X(i) - X^^) ||2^ on [5, T] and use X e C([0, T]; i:2(f]; ii)) to prove 
the uniqueness of strong solutions to (1.2) on (0,T]. 

Lemma 3.1. Assume (Al)-(A6) and (A^'), Xq G L'^{VL,Fq]H) withE,(pi{XQ) < oo and that 
Bt{v) = Bt is independent of v E V . Denote by X the strong solution to (2.8). Then 

\\r-2dipiXr)fHdr<c(E\\Xo\\l + l + Ej^ l|i?r||L,,,,,(p0^r^ > 
for some constant C G M. 

Proof. We first consider the approximating solutions X"^ to (2.13). Ito's formula and (A4') 
yield 

Ee-'=^||X^||^ 

< E||Xo"||l, + ¥.j\-^^[c,{l + ||X,"||^) - CMK) + C'l|i?.IU.,,,,fe) - cm\]^dr, 
for any c > 0. Hence 

(3.25) ¥.j\{X:)dT < C (^E||Xo"||i + ^ + ^f^ l|5^IU..,„fe)^r j . 
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Let F{t,v) := t(f{v) G C^(M x Hn)- By Ito's formula and proceeding as in Lemma 2.2 
Jo ^0 Jo 

n t 

+ / rD'if{X:!){V^,nBr{ei),V^,nBr{ei))dr 

1=1 



< - 



k=l "^0 



Jo Jo 
Hence, applying (3.25) yields 

E^^ \\PyW^{X:)\\Ur < C {^mW + ^+^[ \\Br{v)\\L,,,,,ir>.)dr^ ■ 

Now we pass to the limit n — )■ oo. Let Q := L^([0,T] x Q; H) with norm \\Z\\g : = 
E rWZrWjjdr. Then PnD(p[X"') is bounded in ^. Hence (for a subsequence) 

P„D(^(X") - 77 

in Q. For < 5 < T, ||^||| := E rWZrWjjdr is an equivalent norm to || ■ \\L'2{[5,T]xn;H) on 
L^{[5,T]xn;H). Therefore, P„D(^(X'^) ^ f] in L'^{[5,T]xn; H). By the proof of Lemma 2.1 
we know P„D(^(X;^) ^ dip{X), in L2([0,T] x il; H). We conclude = d^{X), dt®P-almost 
surely. In the proof of Lemma 2.1 it has been shown Xq — j- Xq G L'^{VL\ H). By weak lower 
semicontinuity of || ■ ||g we conclude 

E \\r^dip{Xr)\\Hdr <\immiE \\Pr,r^ Dip{X!;)\\jjdr 
Jo Jo 



< C (e\\Xo\\1 + 1 + e£ \\Brh,,.^,^,^)dr^ 



for some C G M. □ 

Lemma 3.2. Assume (A1)-(A6) and (A4'). Let Xq G L'^{Q, I'q; H) such thatE(pi{Xo) < oo 
and let X be the corresponding strong solution. Then 



E 



^ \\r^dip{Xr)\\Hdr <C (E\\Xo\\j^ + l+E frdr^ 



for some constant C G M. 
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Proof. Applying Ito's formula for || ■ |||^ to X and using (A4') we obtain 
(3.26) Ec-'^^IIXtII^ = E||Xo||^-E / e-'^'iCM^r) + {c - C)\\Xr\\ji)dr + I e-'^'^'Cdr, 



for any c > and some C G M large enough. Let "H, ^, F : ^ — t- ^ as in Section 2.2 and 
recall that X is constructed as a fixed point of the map F : Q Q, mapping F G ^ to the 
unique solution of (2.8) with Br = Br(Yj.). By Lemma 3.1, (3.26) and (A6) we have 

E^ \\r-^dip{Xr)fHdr<c(E\\Xo\\l + l + Ej^ ||B,(X,)|U,,,^,(p,)rfr 



<c(^E||Xo||^ + l + E^ Cifr + MXr))dr^ 
<C (eWXoWI + I + E frdr^ , 



for some constant C G M. □ 

proof of Theorem 1.8. Let A > such that if\ is convex. Since (fx is l.s.c, E j"^ ifx{-)dt : 
L^([0, T] X Q; H) — )■ M is convex and weakly l.s.c. Let denote an approximating sequence 
of strong solutions for X. By (3.26) we have 

E / 'Px{Xr)dr < liminf E / (^A(X;)dr < C(E||Xo||^ + 1). 
Jo ""^"^ Jo 

Let < 6 <T. Since ipx{X) G L^{[0,T] x Q) there is a (5o G [0,5] such that E(pi{Xso) < oo. 
Hence, there exists a unique strong solution X'-'^"-' to 

(3.27) Xt = Xs,- I dip{Xr)dr + f Br{Xr)dWr. 

J So J So 

Since every strong solution is a limit solution, the uniqueness of limit solutions implies 
X(^o) = X, on [5o!^]- By Lemma 3.2 and Fatou's Lemma we obtain 

e/ ||r^(9(^(X,)||H^^r < liminf E / ||r^9(p(X,)||idr < C ( E||Xo||^ + 1 + E / /,dr ) . 
h ^0^^ J So V Jo J 

In particular dip{X) G L'^{[6,T] x Q; H) for all 5 > and X is a strong solution of (1.2) on 
(0,T]. □ 

We now comment on the proof of Remark 1.9. Given a limit solution X*-'-* we consider the 
corresponding approximating sequence X*^')'" of strong solutions. The additional coercivity 
and growth assumptions imply enough reg ularity for X^')-" to apply Ito's formula ([RRW07, 
Theorem 4.2]) for the difference X^'^'" — X^*") and the function || • |||^. Taking the limit n ^ oo 
then yields the assertion. 
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4 Applications 



We now apply our results to stochastic generalized porous media equations, stochastic gen- 
eralized reaction diffusion equations and stochastic generalized p-Laplace equations, i.e. we 
specify conditions on the coefficients of the drift so that (Al)-(A4) are satisfied and in case 
of additive or linear multiplicative noise we identify concrete conditions on the coefficients 
of the noise to satisfy (A5), (A6). 

4.1 Stochastic Generalized Porous Media Equations 

We consider stochastic generalized porous media equations (SPME) based on the setup 
established in [RRW07, Section 3]. Let {E, B, m) be a a- finite measure space with countably 
generated a-algebra B and let (L, V{L)) be a negative-definite, self-adjoint operator on L'^{m) 
with Ker(L) = {0}. We consider SPDE of the form 

(4.28) dXt = L^{Xt)dt + Bt{Xt)dWt, 
where $ G $(0) = with 

(4.29) < $'(r) < C2{lm{E)<oo + kr^), 

nr 

for some p > 1 and some constants Ci > 0, C2 G M. In particular, the standard SPME on a 
not necessarily bounded domain will be included in our general framework. 

For comparison, we will now recall existing regularity results for the standard SPME, i.e. for 
the case L = A, $(r) = |r|P~^r, = (9 C M'^ open, bounded with smooth boundary dO. As 
mentioned in the introduction, the abstract result on invariance of subspaces for SPDE given 
in [LiulO] applied to the standard SPME yields L'^{0) invariance, i.e. if Xq e L'^iVl; L'^{0)) 
and B e L2([0,T] x n;L2{L'^{0))) then the variational solution X to the standard SPME 
is a right continuous process in L^{0). The same invariance result, but for a more general 

p— 1 

class of SPME had been obtained in [RW08] by similar methods proving also G 
L^([0,T] X Q; Hq{0)) in case of the standard SPME. For additive noise the same spatial 
regularity had been proved in [Kim06] by entirely different methods. For more regular noise, 
namely B : H L2(L^(0); _D((-A)^)) for some 7 > | it has been shown that $(Xr) 
is P-a.s. weakly continuous in Hq{0) for a large class of nonlinearities $ [RW08]. To the 
author's knowledge, highest known regularity for the solution of the standard SPME with 

additive noise has been obtained in [BGLRll] proving \X\p-^X G L^([0, T]; ifg ~(C)). 
Our results strengthen these regularity results to 

\X\P-^X G L\[0,T] X Q;H^{0)). 
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We denote m{fg) := Jj^fgdm for fg G L\m), {f,g) := {f,g)L^m) and ||/|| := UWi^m)- 
Define T>{£) := Vi^yJ—L) and £{u,v) := {\/—Lu, \/—Lv), for u,v G T>{£). Let J^e denote 
tlie abstract completion of with respect to || ■ ||^^ := S{-, ■) and choose 

H := 

From now on we assume 

(LI) There exists a strictly positive function g G L^{m) fl L°°[m) such that J-'g C L^{g ■ m) 
continuously. 

Define 

S := U'+\m), 

which is a separable, reflexive Banach space. We now informally define V = S r\ H , made 
precise in the following sense: 

V := {uE S\^c>Q such that m{uv) < c\\v\\jr^, Vi; G j; H 5*}, 
with norm || • || v •= II ' lU + II ' \\h- Assume 
(Nl) J'e n 5* C J-^ dense. 
(N2) V CH, S dense. 

As shown in [RRW07] (Nl) implies V H continuously and that V is complete. Since V is 
isomorphic to a closed subspace of 5* x if, is reflexive. We recall 

Proposition 4.1 ([RRW07]). Let {£,V{£)) be a transient Dirichlet space. Then (LI), (Nl), 
(N2) hold. 

Example 4.2. A lot of examples of transient Dirichlet spaces, for example with E being a 
manifold are given in the literature. We now mention several examples for E = O 
being an open set and m being the Lebesgue measure: 

i. Let E bounded and L be the Friedrichs extension of a symmetric, uniformly elliptic 
operator of second order with Dirichlet boundary conditions. 

a. Let E = M.'^ = {.^ G M'^l .^i > 0}, L = A with Neumann boundary conditions, d> 2. 

Hi. Let E = R'', L = (—A)" with its standard domain and a G (0, |) fl (0, 1]. 

In all these cases, {V{S),S) defines a transient Dirichlet space and thus (LI), (Nl), (N2) 
are satisfied. For details and a proof we refer to [FOT94]- 
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For X G S" we define 



^{x) := / vl>(x(0)rfm(0, ^ := :^|| ■ Hf'. 



E 



(Al) is obviously satisfied. We have (7^(5) with 

Dip{x){h) = / ^{x)hdm, D'^ip{x){h, g) = / ^'{x)hgdm. 
Je Je 



We observe: 



fc=l /c=l 

oo 



^D^if{x){wk,Wk) = ^ ^'{x)\wk\'^dm 

oo „ 

< C V / (l„(i5)<oo + |x|P-^)|u;fc|^dm 



P+i 



P+l 

oo \ 2 

< C I l + </?(x) + ^<^(Wfc)^i 
k=l 



Hence, (A2) is satisfied with pi = Obviously (/? : — )■ M is convex, i.e. (A3) is satisfied. 
For (A4), (A4') note that $(r)r > ^{s)ds > -C2lmiE)<oo + Ci|r|P+^ and 

v*{-D(p{v),v)v = - ^{v)vdm< / C2lm{E)<oo - Ci\v\'P+'^dm < C2 - Ciif{v). 

Je Je 

We obtain: 

Theorem 4.3. Assume (LI), (Nl), (N2). Let Xq e L'^{n,J^o; H) and B : [0,T] x Q x H ^ 
L2{U,H) be progressively measurable and satisfy (A5), (A6). Then there exists a unique 
strong solution X e L'^iVt] C([0,T]; H)) on (0,T] with X(0) = Xq to (4.28) with 

e/ \m\ixi+tmx,)\\kdt<oo. 

Jo 



The variational solution to (4.28) as obtained in [RRW07, Theorem 3.9] coincides with the 

ip+i 



strong solution obtained here. If additionally E||Xo||p^} < 00, then X is a strong solution of 



(4.28) with 

sup E||Xt||^+}+E / \\^{Xt)\\r dt < 00. 
te[o,Ti Jo 
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Remark 4.4. Theorem 4-3 can easily be generalized to SPDE of the form 

dXt = l{Y. '^^(^*) j dt + Bt{Xt)dWt, 
where $j G C^(]R) are as in (4.29) with p = pi. 

Remark 4.5. In the variational setup [RRW07] applied to the standard SPME with Dirichlet 
boundary conditions, it is not clear in which sense the variational solution satisfies the bound- 
ary conditions since these are not explicitly incorporated in the space V nor in H . A partial 
solution to this problem has been suggested in [RW08] by proving £^{Xr)dr e H^iO) almost 
surely. By Theorem 4-3 the variational solution coincides with the strong solution on (0,T] 
and thus is shown to satisfy the boundary conditions in the strong sense that G Hq{0) 

almost surely. 



We now give explicit examples of noise satisfying (A5), (A6). In [Kim06] the standard 
porous medium equation perturbed by additive Wiener noise is considered, i.e. B{u) := 
Ylh=i 9k{(^k, u)u- The unique existence of a variational solution X G L^{Q; L°°{[0, T]; 
satisfying |X|Vx G L^{[0,T]xn; H^{0)) is proven under the assumptions Xq G L^{Q] L^((9)), 

Qk ^ L^([0,T] X X O) progressively measurable and either (9 C open, bounded with 

p 

smooth boundary and E Yl^=i \\9k\\2 < oo or (9 = M"' and E ( Yl^=i \\9k\\2 ) < oo. 
Remark 4.6. Assume gt G L^([0,T] x Q; H) progressively measurable and 



/ \ 2±i 

']P / OO \ 2 

[J2yk\\i+i+\\9k\\t'] <oo. 



Then B{u) := YlT=i9ki^k,u)u satisfies (A5), (A6). 

For stochastic porous media equations, the case of random linear multiplicative space-time 
perturbations has been intensively studied in the literature (cf. e.g. [BDPR08, BDPR09]). 
In the setup E = O (^W^ open, bounded with smooth boundary, (i < 3, L = A on 
with Dirichlet boundary conditions, $ G C^(M) as above, B{v){h) := Yl'k=i l^kf^kvick, h)L2(^Q), 
where fik £ IR, Cfc an orthonormal basis of eigenvectors of — A on L'^{0), Xk the corresponding 
eigenvalues, S = V = L'p~^^{0) and H = {Hq{0))*, the unique existence of variational 
solutions for initial values x & H has been proven in [BDPR08] under the assumption 
SfcLi ^If^k < For the sake of simplicity and comparability we will now restrict to this 
setup. Using \\Bk\\^ < CXk and \\ekv\\jj < CA^||a;|||^ (cf. [BDPR08, p. 189]) it follows 

Remark 4.7. Assume 

k=l 

Then B{v){h) := Xlfcli /^A.-efcw(eA.., /i)l2(0) satisfies (A5), (A6). 
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4.2 Stochastic Generalized Reaction Diffusion Equations 



We will now consider stochastic generalized reaction diffusion equations of the form 



N 



(4.30) dXt =iLXt + Y, MXt) dt + BtiXt)dWt., 



4 = 1 



where the operator L will be specified below and G C^(M), with 

..o.N mt)<c2, \fm < c2{imiE)<o. + \tr-') 

for some constants Ci, C2 > 0, > ... > ri > 2, F- = fi and all t G M. 

For example, let m{E) < oo (w.l.o.g. = 1) and /i : M — )■ M be a polynomial of odd 
degree with negative leading coefficient, i.e. fiit) = Oi^^S 1 < Pi < ••• < Pn, Pn odd 
and an < 0. Then (4.31) is satisfied with ri := p„ + 1 > 2. For m{E) = oo we can consider 
reaction terms given by a polynomial f{t) = Xlili with odd orders 1 < Pi < ... < Pn 
and with negative coefficients Oj < 0, by letting fi{t) = aif^K 

Let {E,B,m) be as in Section 4.1 and {L,V{L)) be a non-negative, self-adjoint operator on 
L'^{m) with corresponding closed, symmetric form {S,V{S)). Recall that := T>{£) is a 
separable Hilbert space with respect to the inner product Si{g, h) := S{g, h) + {g, h). Define 

H = L2(m), 

s = v = j^in U'im) n ... n u^{m). 

Completeness of V follows from the embedding of V into the space of all equivalence classes 
of i3/i3(M)-measurable functions L^{E,B,m) with the topology of convergence in measure. 
Hence, V is isomorphic to a closed subspace of the reflexive space J^i x U'^[m) x ... x U^[m) 
and thus is reflexive. We assume 



1 ^ [ 1 ^ [ 

'P{'") ■= 2^{v,v) - ^ / Fi{v)dm, ^{v) := -£{v,v) + / 



(Nl') yci/ dense. 
Set 

N ^ ^ N 

1=1"'^ ~ i=i 

for V . (Al) immediately follows since the mappings v ^ Fi{v)dm, \v\^*dm are in 
C^{U^{m)) and by using (4.31). (A3) follows from i^" < C2. For (A2) we note ^, ^ G C^iS), 
with 

N 

D(p{v){wi) = £{v,wi) / fi{v)widm 

i=i 

N 

D'^(f{v){wi,W2) = £{Wi,W2) 



y2 / fi{v)wiW2dm. 
i=i 
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We observe 



oo 

2| 



(4.32) \ fli^)^k^'^d^ < E ll^^ll^ 

k=i'^^ ' \k=i 



2 



vfc=l 



for some constant C > 0. Hence 

oo oo N 



EL)V(a;)(w^fc, w^fc) < Ei^(w^fc,iffc) + EE / f-{v)wkWkdm 

k=l k=l k=l 1=1 

oo ^ I / oo 

fc=i j=i y \fc=i 

(N / oo \Pi 
i=0 \k=l J 

for some constant C > 0, i.e. (A2) is satisfied with Pi = ^. (A4) follows from (4.31). 

Theorem 4.8. Assume (Nl '). Let Xq e L'^{n, Jo; H) and B : [0,T]xnx H ^ LiiU, H) he 
progressively measurable and satisfy (A5), (A6). Then there exists a unique strong solution 
X G L2(fi;C([0,T];i7)) on (0,r] with X{Q) = Xo to (4.30) with 

E / + J]||Xi||;:)+t(||LX, + ^/,(X,)||2)cit<oo. 

//E ^||Xo||j-^ + Xlili ll^^ollr- j < OO, then Xt is the unique strong solution with 

sup E +E / \\LXt + y2f,iXt)\\ldt<oc. 

ie[o,T] V ~t J Jo ^ 

In the special case E = O M."- open, bounded, L = A on L^{0) with Dirichlet boundary 
conditions we can assume without loss of generality = 1 and define / := /i with r := ri. 

Remark 4.9. Let Xq E L'^{^1, J'q; H) and B : [0, T] x x L2{U,H) he progressively 

measurable and satisfy (A5), (A6). Let Xt he the unique strong solution on (0,T] of 

dX, = (AXi + f{Xt)) dt + Bt{Xt)dWt. 
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Then 

\\Xt\\l, + \\Xtt. + 1 (\\Xt\\l2 + WXtWll'J^^ dt < oo. 
and ifE ^||Xo||^i + ||Xo||J^j < oo then X is a strong solution with 

sup E (\\Xt\\l, + \\Xtt) +E [ \\Xt\\l, + WXtWfp^.dt < oo. 
te[o,T] V ^ Jo ^ ' 

Remark 4.10. Extending our residts to additive inhomogeneities is immediate. Applied to 
equations of the form 

dXt = iAXt + fit))dt + BtdWt 

our results then yield X e L'^{[0,T] x H'^{0)) n L°°([0, T]; L2((]; HI{0))) which has also 
been shown in [FlaQO, Theorem 3.1] under the same compatibility relations used here, i.e. 
Xo e H^{0) and Bt{ek) e ^^([0, T] x fi; H^{0)). Note that m [Fla90, Proposition 3.3] these 
compatibility conditions have been shown to be necessary at least for more regular solutions. 



For ease of notation and comparability to existing results, we now restrict to the case E = 
O C M" open, bounded, L = A on E^iO) with Dirichlet boundary conditions. 
Remark 4.11. i. Assume Qk G L^([0,T] x VL x O) progressively measurable and 

'•JV 

/r / oo j_ 2ri\ 2 

[Y.\\3k\VHl+\\3k\\rS <°°- 
" \fc=l ° / 

Then Bt{u) := Yl'k=i9k{ek,u)u satisfies (A5), (A6). 
a. Assume 

E/^fc" -A- - <oo, 
fc=i 

where Hk G M, G Hq'°^{0) is an orthonormal basis of E'^{0) and Xk := ||efc||oo + 
llVcfclloo- Then B{v){h) := Y.'^^i fikekv{ek, h)L2(^o) satisfies (A5), (A6). 

4.3 Stochastic Generalized Degenerate ]3-Laplace Equations 



We now consider a class of stochastic generalized degenerated p-Laplace equations with 
reaction term of polynomial growth, thus partially generalizing the results from Section 4.2. 
More explicitly, we consider equations of the form 

(4.33) dXt = (^div^VXt)) + J2 fii^t?j dt + Bt{Xt)dWt, 

on an open set (9 C M'^ with smooth boundary dO, fi G C^(]R) as in Section 4.2 with 
S, m) = [O, B{0), dx) and with one of the following boundary conditions: 
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i. Dirichlet boundary conditions and O such that Poincare's inequahty holds (cf. [Ada75, 
Theorem 6.28]). 

ii. Neumann boundary conditions and O bounded and convex. 

In case of Neumann boundary conditions, if m < r„ the convexity of O can be dropped and 
if m G [ri,r„] also boundedness of O is not needed. We assume, $ = V\E' : M'^ — M*^ for 
some convex function \E' G C^(M'';M) satisfying 

$(0) = V*(0) = 0, 

\\D^^{x)\\u,^K, < C2{l\0\<oo + \xr~^), 
-C2l|0|<oo + Ci|xr < ^(x), 

for some m > 2 and some constants Ci, C2 > 0. This implies — ^(x) ■ x < — Ci|x|™ + C2l|c'|<oo 
and < C2(l|ci|<oo + l^l"^), for some constants Ci,C2 > 0. 

In the special case of the standard p-Laplace equation (i.e. $(r) = [rp'^r) with low order 
reaction terms (i.e. < m), Neumann boundary conditions on a bounded, convex set O, 
B G L\[0, T] X n; 12(1^(0); H\0))) and Xq G L'^i^; H\0)), the abstract invariance result 
obtained in [LiulO] can be applied to prove that Xt is a right-continuous process in H^{0) 
with Esup^gjQ T^] < oo. Applied to the standard p-Laplace equation with Neumann 

boundary conditions for Xq G L'^{VL\ H) we (partially) strengthen this to 

e[ t\\div Xtr^^V Xt)\\ldt <oo, 
Jo 

and for Xo G L™(fi; W^'^'iO)) we get 

sup E||Xt||™i,„(0. +E [ \\dtv{\VXtr~^VXt)\\ldt < oo. 

tG[0,T] Jo 

In the following, we will consider the case of Dirichlet boundary conditions. Neumann 
boundary conditions can be treated analogously. Let H = L\0), S = Wo'""{0) f] U'{0) n 
... n U^{0) axidV = SnH. Let Fi G ^^(m) such that = fi and set 



Jo Jo ^ Jo j^;^ Jo 



for G S". We have C^(S') with 



Dip{v){w) 



[ ^Vv){Vw)d^-f2 I mwdi, 
Jo Jo 



D-'^{v){wuW2)= I D^^{Vv){Vwi,Vw2)d^ - V] I fl{v)wiW2d^ 
Jo Jo 
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Using this, convexity of \1/ and (4.31), (Al), (A3), (A4) and (A4') are easily verified. For 
(A2) we consider the case m > 2 (for m = 2 proceed similarly). First, note 



oo „ oo 

k=i -^^ k=i 

^i + l|Vt;||-+ff;i|V^.||; 



< c 



for some constant C > 0. Taking into account (4.32) we obtain 



n / oo 

2 



^DV(a;)(wfc,Wfc) < C l + ip{v) + ^^(wfc)- +J2 

k=l y \k=l / i=l \k=l 

for some constant C > 0. Thus, (A2) is satisfied with {pi} = {^} U {y}, = n + 1. 

Theorem 4.12. Let Xq e L'^{Vt,Fo]H) and B : [0,T] x n x H ^ L2{U,H) be pro- 
gressively measurable and satisfy (A5), (A6). Then there exists a unique strong solution 
X e L2(fi;C([0,T];i7)) on (0,T] with x\q) = Xq to (4.33) with 



//E ( llAToll"^ !,™ + XlLi ll^ollr' ) < C)0, i/ien Xt is the unique strong solution with 

(n \ „T n 

ii^*C^-(o^ + 5^ii^*iir: / H\/Xt) + y2f,{Xt)\\idt<oo. 

Remark 4.13. For i/ie standard p-Laplace equation on a bounded set OCR"' with Dirich- 
let boundary conditions (w.l.o.g. n < 1) we get t2\\div{\V XtY^~'^'W Xt)\\2 + t2\\fi[Xt)\\2 E 
L^([0,T] X Q) and ifK (^W^oW^i^^n^^-^ + ll^ollrl) < then Xt is the unique strong solution 
with \\div{\VXt\^-^VXt)h + ||/i(^t)||2 e L\[Q,T] X n). 



Remark 4.14. i. Assume Qk G L^([0,T] x Q x O) progressively measurable and 
Then Bt{u) := Yl'k=i9k{e-kiu)u satisfies (A5), (A6). 
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a. Assume 

oo 

^(/ifcAfc)^^^^~ < oo, 

k=l 

where fik G M, G Hq°^{0) is an orthonormal basis of L'^{0) and Afc := ||efc||oo + 
||Vefc||oo- Then B{v){h) := Yl'k=il^kekv{ek,h)L^(^o) satisfies (A5), (A6). 
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